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Abstrat
We generalize the onstrution of the multifratal random walk
(mrw) due to Bary, Delour and Muzy to take into aount the asym-
metri harater of the nanial returns. We show how one an inlude
in this lass of models the observed orrelation between past returns
and future volatilities, in suh a way that the sale invariane prop-
erties of the mrw are preserved. We ompute the leading behaviour
of q-moments of the proess, that behave as power-laws of the time
lag with an exponent ζq = p − 2p(p − 1)λ2 for even q = 2p, as in the
symmetri mrw, and as ζq = p+ 1− 2p2λ2 − α (q = 2p+ 1), where λ
and α are parameters. We show that this extended model reprodues
the `harh' eet or `ausal asade' reported by some authors. We
illustrate the usefulness of this `skewed' mrw by omputing the result-
ing shape of the volatility smiles generated by suh a proess, that we
ompare to approximate umulant expansions formulas for the implied
volatility. A large variety of smile surfaes an be reprodued.
1 Introdution
Volatility lustering in nanial markets is a well known phenomenon.
More surprising is the fat that volatility orrelations are found to
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be long-ranged, and annot be haraterized by a single orrelation
time. Reent empirial works [1, 2, 3, 4, 5℄ suggest that the volatil-
ity orrelation funtion of various assets (in partiular stoks) atually
deays as a power-law of the time lag, with a rather small exponent.
Furthermore, the volatility utuations are found to be lose to (but
not exatly) log-normal [6, 7℄. These observations have lead several
authors [8, 9, 5℄ to propose an interesting lass of multifratal models,
where the log-volatility is a Gaussian random variable with a orre-
lation funtion that deays in time as a logarithm. An expliit on-
tinuous time onstrution of suh a proess was proposed and studied
in [5℄, and was showed to exhibit strit multifratal properties, in the
sense that the even moments of the log-prie dierene sale with a
non trivial power of the time lag (more preise statements will be given
below). This means in partiular that the kurtosis of the proess de-
reases only very slowly with the time lag, in ontrast with most simple
models of stohasti volatility, where the kurtosis drops exponentially
with time. This model is therefore of interest for option priing, be-
ause it is onsistent with smiles that atten only very slowly with
time [10, 11, 12℄. The `multifratal random walk' (mrw) onstruted
in [5℄ is however expliitly symmetri, in the sense that all the odd
moments of the log-prie dierene are stritly zero. The same is true
of the `asade' onstrution of Mandelbrot, Fisher and Calvet [8, 13℄
(see also [14℄ for an interesting ausal extension of this model). On
the other hand, an important stylized fat of the time series of stoks
and stok indies is the so alled `leverage eet': past prie returns
and future volatilities are negatively orrelated [15℄. This eet was
doumented quantitatively in [15, 16, 17℄. This eet is partiularly
strong for stok indies, and indues a signiant (negative) skewness
in the distribution of prie returns. The aim of this paper is to study
a generalization of the mrw whih aounts for the leverage eet and
the orresponding skewness. A partiularly interesting lass of models
preserves the multisaling property of the mrw and extends it to odd
moments. We disuss several nanial appliations of these models, in
partiular to option priing. In the presene of non zero skewness, the
volatility smile itself beomes skewed. Approximate theories, based on
a umulant expansion, are also disussed in this ontext.
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2 The Multifratal RandomWalk (mrw)
Let (Xt, t ≥ 0) be a stohasti proess, with stationary inrements.
We note by δℓXt the inrements Xt+ℓ −Xt and by M(q, ℓ) the q − th
moment E(|δℓXt|q). (Xt, t ≥ 0) is said to be a fratal proess if
M(q, ℓ) = Cqℓ
ζq . (1)
When the funtion ζq is linear in q, one speaks of monofratal proess.
This is the ase of the brownian motion for whih ζq = q/2, and
more generally of self-similar proesses [18, 19℄, for whih the following
equality in law holds
δbℓXt = b
HδℓXt,
where b is an arbitrary saling fator. When the funtion ζq is non
linear in q, one speaks of multifratal proess. In this ase, as empha-
sized in [5℄, Eq. (1) an in fat only hold in a ertain `saling regime',
ℓ ≪ T . The onstrution of [5℄ is based on the following disretized
proess:
X∆t(t) =
t
∆t∑
k=1
δX∆t[k]; δX∆t[k] = ǫ∆t[k]e
ω∆t[k].
For nanial appliations, X∆t(t) an be thought of as the logarithm of
the prie at time t. The quantities ǫ∆t[k] and ω∆t[k] are independent
Gaussian variables with the following ovariane struture:
E(ǫ∆t[j]ǫ∆t[k]) = σ
2∆tδj,k
E(ω∆t[j]ω∆t[k]) = λ
2 ln ρ∆t[|j − k|]
where
ρ∆t[ℓ] =
{
T
(|ℓ|+1)∆t when |ℓ| ≤ T∆t − 1
1 otherwise
T is the integral time beyond whih the multifratal saling eases to
hold. ǫ∆t[k] is of mean 0 and for the variane of the proess to onverge
when ∆t→ 0, one has to hoose:
E(ω∆t[k]) = −V ar(ω∆t[k]) = −λ2 ln T
∆t
.
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Under these onditions, it was shown in [5℄ that the even moments of
the proess are, in the limit ∆t→ 0, given by:
M(2p, ℓ) = K2p
(
ℓ
T
)p−2p(p−1)λ2
.
with
K2p = (2p − 1)!!(σ2T )p
∫ 1
0
du1· · ·
∫ 1
0
dup
∏
i<j
|ui − uj|−4λ2 .
The expliit omputation of the above integral an be found in [20℄,
that shows that the moments are nite only for q < q∗ = 2 + 1/2λ2,
beyond whih these moments are innite for all ℓ. >From the denition
of ζq, we obtain:
ζq =
q
2
(1− (q − 2)λ2) , q = 2p.
One an also ompute the orrelation of the loal volatility, given by
σ[k] ≡ σeω∆t[k]. It is easily shown that this orrelation deays as a
power-law of the time lag [5℄:
E(σ[k]qσ[k + ℓ]q)− E(σ[k]q)2 ∝ ℓ−q2λ2 .
Empirially, λ2 is found to be rather small, in the range 0.02 − −0.1
[5℄.
3 A Skewed Multifratal Random Walk
(smrw)
3.1 Denition
We now generalize the onstrution of [5℄ in order to aount for the
leverage eet, where the volatility is orrelated with past prie re-
turns. We rst onsider the following disretized model (we omit the
∆t in ǫ and ω for simpliity):
δX∆t[k] = ǫ[k] e
ω˜[k] ω˜[k] ≡ ω[k]−
∑
i<k
K(i, k)ǫ[i],
where K(i, k) is a ertain kernel desribing how the sign of the return
at time i aets the (log)-volatility at a later time k. We think of
4
K(i, k) as being positive, and therefore the minus sign aounts for
the sign of the leverage eet. In order to preserve the multisaling
properties of the proess, we hoose the kernel K(i, j) to deay as a
power-law:
K(i, j) =
K0
(j − i)α∆tβ (j > i).
We now ompute exatly the rst moments of this proess and then
give an approximate formula (to rst order in ∆t) for the higher mo-
ments.
3.2 The seond moment
Let t = n∆t, with 1 ≪ n ≪ N = T∆t . We nd, using the notation
〈...〉 ≡ Eǫ,ω(...):
〈X2t 〉 = 〈(
n−1∑
i=0
δX∆t[i])
2〉 =
n−1∑
i=0
〈ǫ[i]2〉〈e2ω˜[i]〉
= σ2∆t
n−1∑
i=0
〈e2ω[i]〉〈e−2
∑
k<i
K0
(i−k)α∆tβ
ǫ[k]〉
= σ2∆t
n−1∑
i=0
e
2K20σ
2∆t1−2β
∑
k<i
1
(i−k)2α
We now make the following assumptions:
α >
1
2
σ2K20∆t
1−2β ≪ 1 (2)
whih, in partiular, requires that β ≤ 12 when ∆t→ 0. The onditions
(2) ensure that the sum
∑
k<i
1
(i−k)2α =
∑∞
ℓ=1
1
ℓ2α onverges and that
we an replae, to lowest order in K0, the exponential terms in the
expression for 〈X2t 〉, by 1. Under these assumptions, we simply have:
〈X2t 〉 = σ2t,
as for the simple Brownian motion, or for the symmetri mrw onsid-
ered in [5℄.
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3.3 The third moment
The third moment, related to the skewness, expliitly reads:
〈X3t 〉 =
∑
0≤i,j,k<n
〈ǫ[i]ǫ[j]ǫ[k]eω˜[i]eω˜[j]eω˜[k]〉
= 3
∑
0≤i<j<n
〈ǫ[i]ǫ[j]2eω˜[i]+2ω˜[j]〉
= 3σ2∆t
∑
0≤i<j<n
〈eω[i]+2ω[j]〉〈ǫ[i]e2K(i,j)ǫ[i]〉
〈e
∑
k<i(K(k,i)+2K(k,j))ǫ[k]〉〈e2
∑
i<k<j K(k,j)ǫ[k]〉
Within the onditions (2), the exponential terms (i.e. 〈eK(k,j)ǫk〉) an
again be set to 1 to rst order, provided the sums onverge, whih is
the ase whenever α > 1/2. Using the equality 〈ǫeλǫ〉 = λσ2eλ
2σ2
2
, we
nd
〈X3t 〉 ≃ 6(σ2∆t)2
∑
0≤i<j<n
K(i, j)ρ
−λ
2
2
0 ρ
2λ2
i,j
= −6K0σ4T
3λ2
2 ∆tα−β+
λ2
2
∑
0≤i<j<n
∆t
((j − i)∆t)α
∆t
((j − i+ 1)∆t)2λ2
∆t→0≃ −6K0σ4T
3λ2
2 ∆tα−β+
λ2
2
∫∫
0<u<v<t
dudv
|u− v|α+2λ2 (3)
One easily proves that, under the ondition ν2 = α+ 2λ
2 < 1,∫∫
0<u<v<t
dudv
|u− v|α+2λ2 =
t2−ν2
(2− ν2)(1− ν2) ,
so that our nal result is:
〈X3t 〉 ≈ −
6K0σ
4T
3λ2
2
(2− ν2)(1− ν2)∆t
µt2−ν2 , (4)
where µ = α − β + λ22 . Therefore, the third moment grows as a
power of the time lag t, with an exponent ζ3 = 2 − ν2. Due to the
onditions (2), µ is always positive and therefore 〈X3t 〉 vanishes in
the limit ∆t → 0. In other words, the skewness of the ontinuous-
limit proess disappears. In pratie, however, the elementary time
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sale ∆t, beyond whih prie inrements are unorrelated, is equal
to several seonds, even in futures markets, and to several minutes in
stoks markets. >From a theoretial perspetive, however, it would be
interesting to onstrut a multifratal proess whih remains skewed in
the ontinuous time limit. We will ome bak to this point in setion
4.
3.4 Higher order moments
As q grows, the algebra of the expliit omputation of the q − th
moment rapidly beomes messy, and the exat result annot be om-
puted. However, as we show in appendix, one an still ompute the
dominating term in the limit ∆t→ 0.
3.4.1 Odd moments
We want to evaluate the generi moment:
〈X2p+1t 〉 =
∑
0≤i1,...,i2p+1<n
〈ǫ[i1] . . . ǫ[i2p+1] eω˜[i1] . . . eω˜[i2p+1]〉. (5)
The sum over 2p + 1 variables ontains many dierent terms but, as
we justify in the Appendix, the dominating one is:
D2p+1 =
∑
0≤j1,...,jp+1<n
〈ǫ[j1]ǫ[j2]2 . . . ǫ[jp+1]2eω˜[j1]+2ω˜[j2]+···+2ω˜[jp+1]〉
(6)
where all the variables are paired two by two but one. For small K0,
we nally nd:
〈X2p+1t 〉 ≃ −M2p+1K0∆tµ tp+1−2p
2λ2−α, (7)
where M2p+1 is a positive numerial prefator, and µ was dened
above. Therefore, we nd that all odd moments sale as a power of
the time lag t, with ζq = p+1− 2p2λ2−α (q = 2p+1). In this sense,
the model onsidered is multifratal for odd moments as well.
3.4.2 Even moments
We now want to evaluate the generi even moment
〈X2pt 〉 =
∑
0≤i1,...,i2p<n
〈ǫ[i1] . . . ǫ[i2p] eω˜[i1]+···+ω˜[i2p]〉
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Using similar arguments, detailed in the appendix, we an show that
the dominating term is simply:
D2p =
∑
0≤j1,...,jp<n
〈ǫ[j1]2 . . . ǫ[jp]2 e2ω˜[j1]+···+2ω˜[jp]〉
and that we retrieve, for K0 small, the result of [5℄:
〈X2pt 〉 ≃ M2p tp−2p(p−1)λ
2
.
Hene, we nd that a power-law leverage orrelation funtion, intro-
dued as we have proposed, does not aet even moments (to lowest
order in K0), but give to the odd moments a multifratal behaviour.
4 An extension to slowly deaying ker-
nels
As we have notied above, a ondition for the onvergene of sums
appearing in the exponentials is α > 1/2. A way to relax this is to add
a large time ut-o to the power-law kernel K(i, j). More preisely,
we set:
K(i, j) =
K0 e
−Γ(j−i)
(j − i)α∆tβ (j > i),
where Γ ∼ ∆t/T ≪ 1. We now onsider the ase ondition α < 1/2,
but impose:
Γ2α−1K20∆t
1−2β ≪ 1. (8)
This ensures that the sum in the exponential terms is onvergent and
remains small. Following the same route as above, the third moment
reads
〈X3t 〉
∆t→0≃ −6K0σ4T 3λ
2
2 ∆tµ
∫∫
0<u<v<t
e−
|u−v|
T dudv
|u− v|α+2λ2 .
Note that the double integral over u, v onverges provided α+2λ2 < 1.
Under the ondition t≪ T , the exponential term an be dropped and
we reover the same result as above, Eq. (4), with µ = α − β + λ22 .
Unfortunately, (8) with Γ ∼ ∆t/T impose that α− β ≥ 0 in the limit
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∆t→ 0. Therefore, the exponent µ is stritly positive and the skewness
again disappears in the ontinuous time limit. On the other hand, the
possibility of hoosing α < 1/2 leads to the interesting possibility of a
skewness that grows with time. Indeed, the third moment (given by
Eq. (4)), divided by the third power of the volatility, sales as t1/2−ν2 ,
with ν2 = α + 2λ
2
. Small values of α therefore leads to a growing
skewness (at least for t ≪ T ), whereas α > 1/2 neessarily leads to a
skewness that deays with time.
5 Numerial results
5.1 Methodology
5.1.1 Simulation
In order to generate orrelated Gaussian random variables (the ω's),
we follow a quite standard proedure explained in [21℄, based on the
utilization of the Fast Fourier Transform [22℄.
The major diulty is to eiently ompute the skewness onvolution∑
i<kK(i, k)ǫ[i]. We rst generate 2n independent Gaussian variables
η[i], and periodize our series as:
ǫ[i] =
{
η[i] if 0 ≤ i < k
η[i+ 2n] if k − 2n ≤ i < 0
and we dene
K¯(i, k) =
{
K(i, k) if 0 < k − i ≤ n
0 otherwise
We an now evaluate the skewness onvolution by
∑k−1
i=k−2n K¯(i, k)ǫ[i],
again using Fast Fourier Transforms. The use of n `pseudo' past vari-
ables and the ut-o imposed to K¯(i, k) are essential to avoid spurious
orrelations between past volatilities and future returns. The system-
ati use of the Fast Fourier Transform makes the whole proedure
quite eient and allows us to simulate long series of our proess (in
the appliations we used series of 213 variables but longer series an
be obtained).
5.1.2 Evaluation of the moments
We have evaluated the moments by averaging over a large number of
realizations of the proess. This is not suh an easy task, beause
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the quantities we deal with an be small and the onvergene an
be very slow due to the existene of long-range orrelations in the
variables {ω[i]}, and the slow power-law deay of the kernel K(i, j).
In order to eliminate spurious skewness eets and to be more aurate,
we have systematially averaged over the proesses generated by the
variables {ǫ[i], ω[i]} and by the variables {−ǫ[i], ω[i]}. In the absene
of asymmetry (i.e. when K(i, j) ≡ 0), the seond proess is exatly
the mirror image of the rst one and therefore all odd moments are
stritly zero. Conversely in the presene of asymmetry, the seond
proess is no longer the mirror image of the rst one (see Fig 1),
and one nds non zero odd moments. By proeeding this way, we are
sure that any non zero result an indeed be attributed to the leverage
kernel.
0 200 400 600 800 1000 1200
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0
0.5
1
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SMRW
Figure 1: A realization of a mrw and its mirror-image (left), the same for smrw
(right). In this ase we observe the inuene of the kernel K whih
indue asymmetry in the proess.
5.2 Some results
The results we present are based on 10 000 independent realizations
of the proess. A total of 213 variables were used for eah series.
The parameters we used are T = 4000∆t, λ = 0.175, orresponding
to λ2 ≃ 0.03. We hose two dierent values of the kernel exponent:
α = 0.3 with β = α+ λ2/2 and α = 0.6 with β = 0.45. The strength
of the leverage eet is taken to be K0 = 0.1, small enough to trust
our approximate formulas. We have evaluated the dierent moments
for times ranging from t = 10∆t to t = 1300∆t, i.e. in a region where
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∆t≪ t≪ T . We have plotted the logarithm of the dierent moments
with as a funtion of the logarithm of the time lag. We expet to
obtain a straight line with a slope given by ζq. We indeed observe a
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>
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Figure 2: Logarithm (base 10) of the 2nd (left) and 4th (right) moments of the
proess, with α = 0.6 (×) and α = 0.3 (△)), as a funtion of the
logarithm of the time lag. We have shown for omparison the theoretial
predition, whih is independent of α. The agreement is extremely good
over the whole time region, both for the exponent ζq and the prefator.
nie power-law saling for the seond and fourth moment of the proess
(Fig. 2), with a perfet adequation between the theoretial predition
and the simulations. The agreement is again very good for the third
moment (Fig. 3), in partiular for α = 0.3. There is a systemati
dierene for α = 0.6, that tends to disappear for large time lags. This
is due to the fat that orretions to our asymptoti formulas tend to
be stronger when α inreases. Indeed, in the above alulations (3),
we have set:
∑
0≤i<j<n
∆t
((j − i)∆t)α
∆t
((j − i+ 1)∆t)2λ2 ≈
∫∫
0<u<v<t
dudv
|u− v|α+2λ2 .
Although this is orret in the limit ∆t/t→ 0, there are orretions of
the order of (∆t/t)1−ν2 , whih persist when ν2 → 1. Let us note that
this nite time orretion is very small for the even moments, sine in
this ase ν2 is replaed by 4λ
2
, whih is very small (see Fig. 4).
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Figure 3: Logarithm (base 10) of the 3rd moment of the proesses, for α = 0.3
(top) and α = 0.6 (bottom), and K0 = 0.1. The adequation between
simulations and theory is extremely good for α = 0.3 (top), but less on-
vining for α = 0.6 (bottom). This disrepany an be simply explained
by the faster onvergene of the Riemann sums in the ase α = 0.3 than
in the ase α = 0.6 (see Fig. 4
6 Comparison with empirial data
The omparison between the preditions of the (symmetri) mrw and
real nanial data was disussed in details in [5℄. In partiular, the
way to alibrate the parameters λ2 and T is to study the orrelation
funtion of the log-volatility, that should behave as the log of the time
lag up to time T , with a slope whih is preisely λ2. While λ2 is quite
well determined (its typial value is 0.03), the `integral time' T is muh
less preisely alibrated (it is found to be ≈ 2 years). The elementary
time interval ∆t is given by the hosen disretization of the time series,
provided it is larger than the orrelation time of the returns (otherwise
the assumption that 〈ǫ[i]ǫ[j]〉 = δi,j is not justied). For example, for
daily data, ∆t = 1 day.
As far as skewness is onerned, the following `leverage' orrelation
12
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Figure 4: Logarithm (base 10) of the resaled dierene between the measured 3rd
moment of the proess and the theoretial one (〈X3th〉 − 〈X3meas〉/〈X3th〉)
as a funtion of the logarithm of the time lag (n = t/∆t). This graph
onrms that the resaled dierene behaves like a power-law of the
time lag, with an exponent lose to 1 − ν2, that depends on α. These
orretions beome large when ν2 → 1 (for example for α = 0.6) and
explain the disrepany observed in Fig. 3
funtion was proposed and studied in [16℄:
L(i, j) = 〈δX[i]δX[j]
2〉
(〈δX[k]2〉)2 i < j .
Using the above denition we nd, in the limit K20σ
2∆t ≪ 1, the
following relation:
L(i, j) ≡ −2
(
T
∆t
) 3λ2
2 K(i, j)
|i− j|2λ2 , (9)
that allows in priniple to alibrate K(i, j) using empirial data, one
λ2 and T are xed. (Note that only the ombination K0T
3λ2
2
appears
in the above formulae, so that the unertainty on T does not transpire
on the skewness). The leverage orrelation funtion is however found
to be, in the ase of stok indies, lose to a pure exponential in |i− j|,
with a deay time of ten days or so [16℄, in ontrast with Eq. (9).
For individual stoks, however, the deay time is muh longer. The
introdution of well dened time sale would ruin the saling properties
of the mrw proess. We hoose to preserve the saling properties of the
proess for three reasons: (a) a strit multifratal skewed proess is an
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interesting proess in its own right, that may have appliations outside
nane (for example in turbulene [23℄), (b) the saling properties
of the smrw might enable one to nd exat analyti formulas for,
e.g. probability distributions, and () the slow deay of the leverage
funtion allows one to obtain long time persistent skews, and is useful
in the ontext of option priing (see setion 8 below). In other words,
even if the historial time series do not exhibit a long ranged leverage
orrelation funtion, the implied distributions, onsistent with option
smiles, might do so.
7 Volatility asymmetry
In [24℄, an interesting time asymmetry in nanial series was deteted
using a wavelet analysis (see also [25℄ for related work). Aording to
these authors, the volatility at large sales inuenes ausally (in the
future) the volatility at shorter sales, whereas the onverse eet is
muh weaker. This nding is atually deeply related to the leverage
eet [26℄ and our model, with its extended time orrelations between
returns and volatility, should be able to reprodue it, as we show now.
One an quantify the eet reported in [25, 24℄ by omputing a orre-
lation between volatilities at dierent sales n and m, dened as:
C(n,m) = 〈
(
n−1∑
i=0
δX[i]
)2n+m∑
j=n
δX[j]


2
〉
=
n−1∑
i=0
n+m∑
j=n
〈δX[i]2δX[j]2〉+ 2
∑
0≤i1<i2<n
n+m∑
j=n
〈δX[i1]δX[i2]δX[j]2〉.
Although this quantity is not exatly the one onsidered in [24℄, one
expets that it behaves very similarly. The rst term C1 is easy to
ompute and is equal, in the limit ∆t→ 0, to:
C1 = σ
4T 4λ
2
∫ τ
u=0
∫ τ+τ ′
v=τ
du dv
|u− v|4λ2
=
σ4T 4λ
2
(1− 4λ2)(2− 4λ2) [(τ + τ
′)2−4λ
2 − τ2−4λ2 − τ ′2−4λ2 ],
where τ = n∆t and τ ′ = m∆t. This result is symmetri in τ and τ ′,
and therefore annot explain the asymmetry. The seond term, on the
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other hand, is equal to:
C2 = 2σ
6K20T
4λ2∆tλ
2+2α−2β
∫
0≤u1<u2<τ≤v<τ+τ ′
2
(v − u2)α (10)[
1
(u2 − u1)α +
2
(v − u1)α
]
du1 du2 dv
(u2 − u1)λ2(v − u1)2λ2(v − u2)2λ2
.
We now hange variables and set:
u1 = x1τ
u2 = x2τ
v = τ + yτ ′,
and assume rst that τ ′ = ǫτ with ǫ≪ 1, i.e. we ompare future short
sale volatilities with past large sale volatilities. One nds:
C2 ∝ K20ǫ τ3−2α−5λ
2
.
Now, the opposite ase where τ = ǫτ ′ with ǫ ≪ 1, i.e. where we
ompare future large sale volatilities with past small sale volatilities
leads to:
C2 ∝ K20ǫ2−α−λ
2
τ3−2α−5λ
2
.
The ratio of the seond indiator to the rst is therefore equal to
ǫ1−α−λ
2
, whih goes to zero provided that α+λ2 < 1. In this ase, the
asymmetry indeed has the sign found in [24℄, that is, the orrelation
between past volatility at short sale and future volatility at large sale
is indeed weaker than the orrelation between past volatility at large
sale and future volatility at short sale.
8 An appliation to option priing: skewed
volatility smile
It is a well known fat that Blak-Sholes hypotheses are not satised
in pratie. In partiular, fat tail eets and volatility lustering are
absent in the Blak-Sholes world. This has important onsequenes
on option priing (partiularly for exoti options) and hedging. One
partiularly lear symptom is the so alled volatility smile: implied
volatility from option pries is not onstant but varies aross both
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strike and maturity, dening a volatility surfae. Although this eet
is widely known and studied by both aademis and pratitioners, a
detailed understanding of the implied volatility surfae is still one of
the major hallenge of modern nane.
Several authors [27, 28, 11, 12℄ have given simple approximate formulas
for option pries (or for the resulting volatility smile) when the asset is
modelled by an arbitrary stohasti proess, whih apture the basi
mehanisms that lead to non trivial smiles. The idea is to onsider
that the distribution of the prie inrements is weakly non Gaussian.
Using a trunated umulant expansion [29, 27℄, one nds orretions to
the onstant volatility ase in terms of the skewness and kurtosis of the
underlying proess (see also [30℄ for equivalent results but in a dierent
language). For example, when the log-prie dierene between times
0 and t has a variane σt, skewness κ3,t and kurtosis κ4,t, the volatility
smile vt is approximately given by [12℄
1
:
vt = σ0
[
1 +
κ3,t
3!
(2σt − dt)− κ4,t
4!
(1− d2t + 3dtσt − 3σ2t )
]
(11)
dt =
log(S0/K) + rt+ σ
2
t /2
σt
,
where S0 is the urrent prie of the underlying, σ0 is (true) volatility,
K the strike and r the interest rate. In the limit where σt, rt≪ 1 and
S0 −K ≪ S0, the above formula boils down to the formula obtained
in [11℄ in the ontext of an additive model:
vt = σ0
[
1− κ3,t
3!
dt − κ4,t
4!
(1− d2t )
]
(12)
dt =
S0 −K
S0σt
,
Sine our proess displays both anomalous skewness and kurtosis, we
expet to observe this smile eet. The above formula is interesting
as it gives an expliit expression of the option smiles for the smrw in
terms of its known skewness and kurtosis. It is therefore important to
ompare the result (11) with an exat smile obtained by Monte-Carlo
simulations (Fig.5), in order to test the auray of the above formula.
1
The formula given in [12℄ is in fat slightly dierent in that it neglets terms in σt
ompared to the moneyness dt, whih we have kept below.
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We model the returns of the underlying by a geometri smrw:
δSt
St
= µδt+ σ0δXt (13)
where Xt is a smrw. We then evaluate the prie of an (european)
option as an unonditional average of the nal payo (ST − K)+ =
max(ST −K, 0) over many realizations of our proess with µ = r. This
assumes that
• the option is hedged using the Blak-Sholes ∆ [10, 31℄, whih is
a good approximation for the minimum variane hedging strate-
gies. In this ase, the `risk neutral' proess is indeed given by
Eq. (13). Other hedging shemes are in fat possible, and would
lead to small orretions to the option prie, but this is beyond
the aim of the present analysis, whih is to test Eq. (11) in the
framework within whih it is established.
• one does not attempt to measure the instantaneous volatility
and to ondition the paths to start from this measured value.
In other words, we study the unonditional, time independent
volatility surfae. Correspondingly, both the prie and the hedge
are independent of the urrent level of volatility.
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Figure 5: Implied volatility vt as a funtion of the strikeK, for dierent maturities
(t=0.25, 0.5, 0.75 and 1 year), for α = 0.3 (left) and α = 0.6 (right). We
have hosen r = 4%, σ1 = 20%, λ = 0.175 and T ≃ 2 years (these values
are hosen aording to [5℄); the disretization step is here ∆t = 2−8.
In both ase we learly see the smile eet.
In Fig.5 we have drawn the volatility smiles given by the Monte-Carlo
simulation and the theoretial smile given by formula (11), with the
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theoretial skewness κthe3,t and kurtosis κ
the
4,t obtained from our above
analysis:
κthe3,t = −
6K0σT
3λ2
2 t
1
2
−ν2
(2− ν2)(1− ν2)∆t
µ
(14)
κthe4,t =
6T 4λ
2
t−4λ
2
(2− 4λ2)(1− 4λ2) − 3. (15)
As already mentioned in setion 4, the skewness grows with time when
α < 12 .
2
This an be of great interest for nanial appliations sine
it is often observed that the skewness of the option smile an persist
for large maturities. We learly see in (Fig.5) that the non Gaussian
nature of our proess indues an asymmetri smile and, visually, the
agreement between simulations and theory is satisfying for maturities
0.5, 0.75, 1 and strikes between 80 and 120. The ase of the shortest
maturity is less onvining, as expeted from a umulant expansion,
that is in priniple only valid for long enough maturities. In order
to be more preise we then have performed a parametri t of these
urves using Eq. (11) to obtain implied values of the skewness (κimp3 )
and the kurtosis (κimp4 ). We have hosen to t the urves over the
whole interval ([75 : 125]) of strikes. It is not obvious that this is
the best hoie beause the implied volatility for deep in-the-money
options (small strike) is known to be very sensitive to errors (beause
of a small Vega). We have also omputed the empirial skewness and
kurtosis from the simulations. We report these results in Tab.1 and
Tab.2. The agreement between the theoretial and implied values is
only fair, even if the order of magnitude is orret. The implied kurtosis
is smaller than the theoretial one for small maturities with a better
agreement for large maturities, whereas the implied skewness tends to
depart from its theoretial value for large maturities. Note that the
skewness inreases with maturity, at variane with most theoretial
models in whih it dereases as 1/
√
t. Note also that for a xed range
of strikes, the range of relative moneyness dereases with maturity
and the skewness beomes more diult to asertain preisely. In
order to trak the origin of the observed disrepany
3
, we have diretly
2
At least in the regime t≪ T . For t≫ T , the multifratal features disappear and both
the skewness and kurtosis vanish, as the proess onverges to a Gaussian.
3
Note that the agreement between empirial and theoretial volatility is muh better
(see Fig. 5).
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Maturity
0.25 0.5 0.75 1
κ
imp
3 -0.08 -0.13 -0.15 -0.16
κ
the
3 -0.0975 -0.107 -0.114 -0.118
κ
num
3 -0.09 -0.11 -0.11 -0.11
κ
imp
4 0.79 0.80 0.75 0.69
κ
the
4 1.685 1.303 1.095 0.953
κ
num
4 1.60 1.27 1.11 0.97
Table 1: Comparison between implied, theoretial and numerially determined
umulants for dierent maturities, for α = 0.3. The theoretial values
are omputed by formulas (14,15). The implied values are obtained by a
t of the Monte-Carlo values of volatility using Eq. (11), using all strikes.
Maturity
0.25 0.5 0.75 1
κ
imp
3 -0.08 -0.12 -0.14 -0.14
κ
the
3 -0.136 -0.122 -0.114 -0.109
κ
num
3 -0.10 -0.11 -0.10 -0.09
κ
imp
4 0.78 0.80 0.76 0.69
κ
the
4 1.685 1.303 1.095 0.953
κ
num
4 1.60 1.27 1.10 0.96
Table 2: Same as in Tab.1, for α = 0.6
tested the umulant expansion on the umulative distribution of our
proess. We show in Fig. 6 the dierene between the numerial
umulative distribution of the smrw and the Gaussian distribution for
two dierent time lags, t = 0.25 and t = 1, for α = 0.6. We see that
the umulant expansion trunated at seond order is only qualitatively
orret in our ase, sine we observe systemati deviations between the
empirial values and the preditions. This is partiularly true when
one uses the exat theoretial umulants, and suggests that higher
order umulants annot be negleted. This is in fat expeted, sine
higher order umulants, for example even ones, only deay with time
as κ2p,t ∼ t−2p(p−1)λ2 for the smrw, instead of t−p/2 for iid returns. For
example, κ6,t/κ4,t ∼ t−8λ2 ∼ t−0.25 in our ase. (Atually, umulants
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Figure 6: Dierene between the distribution funtion of the smrw (α = 0.6)
and the normal distribution, for maturity 0.25 (left) and 1(right). We
ompare it with the umulant expansion, evaluated with the implied
values of the umulants obtained by t of the volatility smile and with
the theoretial values of the umulants(14,15). The results are similar
in the ase α = 0.3.
even diverge beyond a ertain order p∗ = 1+1/4λ2, see [20℄). Of ourse,
the t of the umulative distribution with the implied values extrated
from the option smile is better, sine these values try to orret the
inadequay of the trunated expansion. The onlusion of this study is
that a simple umulant expansion for the smrw only gives a qualitative
desription of option smiles. In order to get quantitative results, one
should use Monte-Carlo paths. However, the saling properties of the
model might allow one to nd exat analyti solutions in some ases.
Finally, we want to show many typial smile shapes an be obtained
with our proess by tuning its degree of asymmetry (measured by the
parameter K0). We have shown in (Fig.7) three smiles obtained for
dierent values of K0: 0.1, 0.5, 1. In this example a more pronouned
skewness an be obtained. The term struture of the skewness and of
the urvature of the smile an be hosen by playing with the parameters
α and λ2.
9 Conlusion and prospets
In this paper, we have generalized the onstrution of the multifratal
random walk (mrw) of [5℄ to take into aount the asymmetri har-
ater of the nanial returns. Our rst motivation was to introdue in
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Figure 7: Implied volatility vt as a funtion of the strike, for dierent values of
the parameter K0, for α = 0.3 (left) and α = 0.6 (right). We have
hosen r = 4%, σ1 = 20%, λ = 0.175. In both ase we learly see the
growing inuene of K0 on the asymmetri shape of the smile.
this lass of models the observed orrelation between past returns and
future volatility, in suh a way that the sale invariane properties of
the mrw are preserved. This orrelation leads to a power-law skew-
ness of the returns, and is in fat deeply onneted with the so-alled
harh eet, or ausal asade observed in [25, 24℄. Suh a proess
an be very useful in nane sine it aptures most of the stylized fats
of the returns: non Gaussian shape at short sales, volatility lustering,
long range dependene, and, with the present work, tunable skewness.
Possible appliations in nane are numerous: priing of options, risk
management, et. As illustrated above, the model onsidered here
leads to very versatile shapes of volatility surfaes with anomalous
term struture. In partiular, one an aount for smiles with skew-
ness that is onstant or even inreases with maturity. This would not
be possible without a slowly deaying return-volatility (leverage) or-
relation. From a more aademi point of view, we have not been able
to onstrut a skewed multifratal proess whih remains skewed in
the ontinuous time limit. Whether this is a fundamental limitation,
or that alternative onstrutions are possible, is an open question. It
might be possible to marry the retarded volatility model of [16℄ with
the mrw and obtain a skewed proess in the ontinuous time limit.
Another promising path would be to study the preise onnetions be-
tween the present model and the reent ausal asade onstrution
of Calvet and Fisher, that extends the work presented in [8℄ and might
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allow to introdue the skew in a satisfatory way. We hope to answer
these questions in future work [32℄.
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Tehnial appendix
The omputation of the 2p + 1th moment of Xt involves terms of the
form ∑
0≤i1,...,iq<n
〈ǫ[i1]γ1 . . . ǫ[iq]γqeγ1ω˜[i1]+···+γqω˜[iq]〉,
with
γi ∈ N ∗∑
i
γi = 2p+ 1
Writing more expliitly ω˜[i], we an expand these terms as:∑
0≤i1,...,iq<n
〈ǫ[i1]γ1 eK1ǫ[i1]〉 . . . 〈ǫ[iq]γq eKqǫ[iq]〉〈eγ1ω[i1]+···+γqω[iq]〉
∏
−∞<i<n,i 6=i1,...,iq
〈eKiǫ[i]〉.
The exponential terms ǫ[i]γieK〉ǫ[i] follow from the denition of the ω˜i
and Ki are ompliated prefators. The above expression looks quite
involved but as we searh for the leading term, we an use (2) in order
24
to simplify it. In partiular, to the rst order in K0, 〈eKiǫi〉 ≃ 1. We
also have
〈ǫ[i]γi eK〉ǫ[i]〉 ≃ 〈ǫ[i]γi(1 +K〉ǫ[i] + . . . 〉
≃
{ 〈ǫ[i]γi if γi is even
K〉ǫ[i]1+γi if γi is odd
Due to (2), we dedue that the lowest order term in K0 is found when a
maximum number of γi are even, that is all γi exept one (beause we
look at the 2p+1th moment) are even. Finally, using basi properties
of the Gaussian vetor,{ωi}, we nd that:
〈eγ1ω[i1]+···+γqω[iq]〉 =
∏
1≤k<ℓ≤q
(
T
(1 + |ik − iℓ|)∆t
)γkγℓλ2 ( T
∆t
)λ2( 1
2
∑
γ2i −
∑
γi)
.
We want to know whih ombination of the {γi} leads to the dominat-
ing term. One way to do this is to study the saling with ∆t of the
term orresponding to a given ombination of {γi}. Combining the
previous omputations, we nd that the exponent of ∆t is:
∆t1+(α−β)+λ
2+p(1+2λ2)−q− 1
2
λ2
∑q
i=1 γ
2
i .
In the limit ∆t → 0, only the smallest exponent will ontribute. The
only parameters we an adjust are q and
∑q
i=1 γ
2
i , with the onstraint∑q
i=1 γi = 2p+ 1. The two extrema are:
• q = 2, γi1 = 2p, γi2 = 1 whih orresponds to an exponent:
µ2 = (α− β) + λ
2
2
+ (p− 1)(1 − 2pλ2).
• q = p+1, γi1 = · · · = γip = 2, γip+1 = 1 whih orresponds to an
exponent:
µp+1 = (α− β) + λ
2
2
.
The dierene µ2 − µp+1 = (p − 1)(1 − 2pλ2) is positive as soon as
p < p∗ = 1
2λ2
. Therefore, we an onlude that the behaviour of the
rst 2p∗ + 1 moments is dominated by only one term, orresponding
to pairing all points exept one. A similar disussion an be made
for even moments as well. The above argument is learer in the mrw
model [5℄, where the alulation is easier and an be made without
25
any further assumptions. In this model, the odd moments are zero
and the even moments have a saling in ∆t given by the exponent
p(1+2λ2)−q− λ22
∑q
i=1 γ
2
i . We immediately see that if q = p and γi =
2, this exponent is 0, whih is the ondition for the existene of a non
trivial ontinuous limit [5℄.
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